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A method is developed to construct irreducible representations(irreps) of the quan-
tum supergroup Uq(C(n + 1)) in a systematic fashion. It is shown that every finite
dimensional irrep of this quantum supergroup at generic q is a deformation of a fi-
nite dimensional irrep of its underlying Lie superalgebra C(n + 1), and is essentially
uniquely characterized by a highest weight. The character of the irrep is given. When
q is a root of unity, all irreps of Uq(C(n+ 1)) are finite dimensional; multiply atypical
highest weight irreps and (semi)cyclic irreps also exist. As examples, all the highest
weight and (semi)cyclic irreps of Uq(C(2)) are thoroughly studied.
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1 Introduction
This is the third of a series of papers systematically developing the representa-
tion theory of the quantum supergroups[1] associated with the basic classical Lie
superalgebras[2]. The first paper[3] studied the structures of the finite dimensional
representations of the quantum supergroup Uq(gl(m|n)) at arbitrary q (The finite di-
mensional irreps of Uq(gl(m|1)) have been explicitly constructed in [4].), while the
second one[5] treated the representation theory of Uq(B(0, n)). It is the aim of the
present paper to study Uq(C(n + 1)).
Vigorous study of the theory of Lie superalgebras began in the 1970s (for reviews
see [2]), largely motivated by the discovery of supersymmetry in theoretical physics.
It was clear from the very beginning that although some properties of ordinary Lie
algebras are shared by their Z2 - graded counterparts, the Lie superalgebras are by
no means straightforward generalizations of ordinary Lie algebras; in particular, their
representation theory is drastically different from that of the latter.
Recall that the Weyl groups are of paramount importance in the study of the
finite dimensional irreps of the Lie algebras: they enable one to compute the charac-
ters, which embody all the information about the weight spaces and dimensions etc
of the irreps. Also, the finite dimensional representations of Lie algebras are com-
pletely reducible. This fact makes it possible to understand the structures of all finite
dimensional representations.
However, it is not possible in general(except for osp(1|2n)) to introduce a Weyl
group for a Lie superalgebra, which is not simply the Weyl group of the maximal even
subalgebra. The so called Weyl groups of Lie superalgebras embody little useful infor-
mation about the odd generators, thus not allowing the determination of the structures
of irreps. Also, finite dimensional representations of Lie superalgebras are not com-
pletely reducible. These facts make the representation theory of Lie superalgebras an
extremely difficult subject to study.
Quantum supergroups are one parameter deformations of the universal enveloping
algebras of basic classical Lie superalgebras, which were only introduced couple a years
ago[1], and have been intensively studied ever since. It has become clear that the
quantum supergroups are of great importance to the study of integrable lattice models
in statistical mechanics and knot theory, and also have deep connections with a variety
of other fields in theoretical physics. In all the applications of quantum supergroups,
their finite dimensional representations play a central role. However, our understanding
of such representations is very incomplete.
It is by now well known that the representation theory of ordinary quantum groups
at generic q is very much the same as that of the corresponding Lie algebras[6]. Lusztig
and Rosso proved that each finite dimensional irrep of a quantum group is a deformation
of an irrep of the underlying Lie algebra, and all finite dimensional representations are
completely reducible. Rosso’s proof made essential use of the properties of the Weyl
groups of the Lie algebras, while the main ideas of Lusztig’s proof are as follows:
In the q → 1 limit, an integrable highest weight irrep π of a quantum group Uq(g)
reduces to an indecomposible representation π˜ of its underlying Lie algebra g. As
integrable representations of ordinary Lie algebras are completely reducible, π˜, being
indecomposible, must be an irreducible representation of g.
Obviously none of these proofs can generalize to quantum supergroups, as the basic
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ingredients, namely, Weyl groups and complete reducibility of integrable representa-
tions, are lacking in this case. In view of Lusztig’s work, it even appears possible
intuitively that a finite dimensional irrep of a quantum supergroup at generic q may
reduce to an indecomposible but reducible representation of the underlying Lie super-
algebra in the limit q → 1. Fortunately it turned out not to be the case, at least for
Uq(gl(m|n)) and Uq(osp(1|2n)), as shown in [3] and [5].
One of the main results of the present paper is the proof that every finite dimensional
irrep of the quantum supergroup Uq(C(n + 1)) at generic q reduces to an irrep of the
underlying Lie superalgebra C(n + 1), and the two irreps have the same weight space
decomposition. This result enables us to gain a rather thorough understanding of the
structures of finite dimensional irreps of Uq(C(n+1)), in particular, to write down their
character formula, as C(n + 1) happens to be one of the very few Lie superalgebras
having a well developed representation theory[7].
When q is a root of unity, we will develop a method allowing us to construct
Uq(C(n + 1)) irreps in a systematic fashion. The representation theory in this case
changes dramatically, in particular, all irreps are finite dimensional, (semi)cyclic irreps
and multiply atypical irreps appear.
The arrangement of the paper is as follows. In section 2, we prove a generalized
BPW theorem for Uq(C(n + 1)). In section 3 we generalize Kac’ induced module
construction for Lie superalgebras to this quantum supergroup at arbitrary q, and also
thoroughly investigate the structures of the finite dimensional irreps at generic q. In
section 4 we explicitly construct all the irreps of Uq(C(2)) using the general theory
developed in the earlier sections.
2 BPW theorem for Uq(C(n + 1))
This section studies the structure of the Z2 graded Hopf algebra Uq(C(n + 1)). In
particular, a generalized BPW theorem for this quantum supergroup will be proved,
and an explicit basis for it will also be constructed. Results of this section will be
repeatedly applied throughout the paper.
2.1 Definition of Uq(C(n+ 1))
Let us begin by defining the quantum supergroup Uq(C(n+1)). Recall that Lie super-
algebras admit different simple root systems, which can not be mapped to one another
by the Weyl groups of their maximal even subalgebras. As quantization treats the
Cartan and simple generators differently from the rest, it is not clear whether the
quantum supergroups obtained by quantizing the same Lie superalgebra but using dif-
ferent simple root systems are algebraically equivalent(It is not difficult to convence
oneself by examining simple examples that the resultant quantum supergroups are co -
algebraically inequivalent). However, we will not be concerned with this problem here,
but merely take Uq(C(n+1)) as the quantization of the universal enveloping algebra of
the type I superalgebra C(n+1) with the commonly used simple root system, namely,
the one with a unique odd simple root.
To describe this simple root system, we introduce the (n + 1) - dimensional
Minkowski spaceH∗ with a basis {δi|i = 0, 1, 2, ..., n} and the bilinear form ( , ) : H
∗×H∗
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→ C defined by
(δi, δj) = −(−1)
δ0i ∀i, j.
Then, following Kac, the simple roots of C(n+ 1) can be expressed as
αi = δi − δi+1, i = 0, 2, ..., n− 1,
αn = 2δn,
where α0 is the unique odd simple root. A convenient version of the Cartan matrix
A = (aij)
n
i,j=0 for C(n+ 1) is
aij = 2(αi, αj)/(αi, αi), ∀i > 0,
a0j = (α0, αj).
We denote by ∆+0 and ∆
+
1 the set of the even positive roots and that of the odd positive
roots of C(n + 1) respectively. Then
∆+0 = {δi − δj , δi + δj , 2δi|0 < i < j},
∆+1 = {δ0 ± δi|i > 0}.
For later use, we also define
ρθ =
1
2
∑
α∈∆+
θ
α, θ = 1, 2,
ρ = ρ0 − ρ1.
Let q be an indeterminant, and define
qi =
{
q(αi,αi)/2, i > 0,
q, i = 0.
The quantum supergroup Uq(C(n + 1)) is the unital Z2 - graded algebra on the field
C[q, q−1], which is generated by {ei, fi K
±
i | i = 0, 1, ..., n} with the relations
K±1i K
±1
j = K
±1
j K
±1
i ,
KiK
−1
i = 1,
KiejK
−1
i = q
aij
i ej,
KifjK
−1
i = q
−aij
i fj ,
[ei, fj} = δij(Ki −K
−1
i )/(qi − q
−1
i ),
(e0)
2 = (f0)
2 = 0,
1−aij∑
µ=0
(−1)µ
[
1− aij
µ
]
qi
e
1−aij−µ
i eje
µ
i = 0, i 6= 0,
1−aij∑
µ=0
(−1)µ
[
1− aij
µ
]
qi
f
1−aij−µ
i fjf
µ
i = 0, i 6= 0, (1)
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where [
m
n
]
q
=
[m]q!
[n]q![m− n]q!
, m ≥ n,
[k]q! =
{ ∏k
i=1
qi−q−i
q−q−1
, k > 0,
1, k = 0.
In (1), [x, y} = xy − (−1)[x][y]yx, with the gradation indices [x] and [y] defined by
[Ki] = 0, ∀i, [ei] = [fi] =
{
0, i > 0
1, i = 0,
and for any u, v which are monomials in ei, fi, K
±1
i , i = 0, 1, ..., n, [uv]≡[u]+[v](mod2).
This makes Uq(C(n + 1)) a Z2–graded algebra with Uq(C(n + 1)) = U0⊕U1 , where
U0 = {u∈Uq(g)|[u] = 0} , U1 = {u∈Uq(g)|[u] = 1}. We will call elements of U0
even and those of U1 odd. We also associate with their product uv an element of
H∗, wt(uv) = wt(u) + wt(v), called the weight, such that wt(ei) = −wt(fi) = αi,
wt(K±1i ) = 0. If w ∈ Uq(C(n + 1)) is a linear combination of monomials of the same
weight µ ∈ H∗, we define wt(w) = µ.
The quantum supergroup Uq(C(n + 1)) has the structures of a Z2 graded Hopf
algebra with invertible antipode. One consistent co - multiplication reads,
∆(K±1i ) = K
±1
i ⊗K
±1
i
∆(ei) = ei ⊗ 1 +Ki ⊗ ei,
∆(fi) = fi ⊗K
−1
i + 1⊗ fi;
and the corresponding co - unit ǫ and antipode S are respectively given by
ǫ(ei) = ǫ(fi) = 0,
ǫ(Ki) = ǫ(K
−1
i ) = 1,
S(ei) = −K
−1
i ei,
S(fi) = −fiKi,
S(K±1i ) = K
∓1
i , ∀i.
Note that {ei, fi K
±
i | i = 1, 2, ..., n} generate a subalgebra Uq(sp(2n)) ⊂ Uq(C(n+1)).
Together with {K±10 }, they generate Uq(sp(2n) ⊕ u(1)) which we will refer to as the
maximal even quantum subgroup of Uq(C(n+ 1)).
2.2 Uq(C(n+ 1)) at generic q
In order to study the structures of Uq(C(n+1)), we introduce the Z2 graded automor-
phism
̟(ei) = fi, ̟(fi) = ei, ̟(Ki) = Ki,
̟(q) = q−1, ̟(c) = c∗, c ∈ C,
and the anti - automorphism
ω(ei) = fi, ω(fi) = ei, ω(Ki) = K
−1
i ,
ω(q) = q−1, ω(c) = c∗, c ∈ C,
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which are also required to satisfy ̟(uv) = (−1)[u][v]̟(u)̟(v), ω(uv) = ω(v)ω(u),
for any homogeneous elements u, v ∈ Uq(C(n + 1)), and generalize to all elements of
Uq(C(n + 1)) through linearity.
Define the maps Ti : Uq(C(n+ 1))→ Uq(C(n+ 1)), i = 1, 2, ..., n, by
Ti(Kj) = KjK
−aij
i , ∀j,
Ti(ei) = −fiKi,
Ti(fi) = −K
−1
i ei,
Ti(ej) =
−aij∑
t=0
(−1)t−aijq−ti
(ei)
−aij−tej(ei)
t
[−aij − t]qi![t]qi !
,
Ti(fj) =
−aij∑
t=0
(−1)tq
−aij−t
i
(fi)
−aij−tfj(fi)
t
[−aij − t]qi![t]qi !
, ∀j 6= i.
Then
Lemma 1 The Ti, i = 1, 2, .., n, define algebra automorphisms of Uq(C(n + 1)), thus
generating a group which will be denoted by Ŵ . They also satisfy
Tiω = ωTi,
T−1i = ̟Ti̟
−1. (2)
Proof: Restricted to the maximal even quantum subgroup Uq(sp(2n)⊕ u(1)), the Ti’s
coincide with the Lusztig automorphisms[8] of this quantum group. Thus we only need
to show that T1 preserves the relations in (1) involving e0 and f0, in order to prove that
Ti’s are algebra homomorphisms of Uq(C(n+1)), since T1 is the only map amongst the
Ti’s which acts nontrivially on e0 and f0. Consider, say, {T1(e0), T1(f0)} when n > 1.
Now,
T1(e0) = −e1e0 + qe0e1,
T1(f0) = −f0f1 + q
−1f1f0.
Simple calculations lead to
{T1(e0), T1(f0)} =
K0K1 −K
−1
0 K
−1
1
q − q−1
= T1(
K0 −K
−1
0
q − q−1
).
The other relations can be checked similarly. Equation (2) can be proved by explicitly
working out the actions of the maps involved on the simple and Cartan generator of
Uq(C(n + 1)).
The maximal even quantum subgroup Uq(sp(2n) ⊕ u(1)) admits the following de-
composition
Uq(sp(2n)⊕ u(1)) = B−B0B+,
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where B+ is generated by {ei|i > 0}, B− by {fi|i > 0}, and B0 by {K
±1
i , |i = 0, 1, .., n}.
A basis forB0 is given by {K
(rˆ)H(sˆ)|rˆ, sˆ ∈ Zn+1+ }, with rˆ = (r0, r1, ..., rn),K
(rˆ) =
∏n
i=0K
ri
i ,
H(rˆ) =
∏n
i=0
(
Ki−K
−1
i
qi−q
−1
i
)ri
.
Follwing [9], we construct bases for B+ and B− by considering the maximal element
T of Ŵ , a reduced expression for which reads
T = Ti1Ti2 ...Tin2
= (T1T2...Tn−1TnTn−1...T2T1)(T2...Tn−1TnTn−1...T2)...(Tn−1TnTn−1)Tn.
We define
Eβ1 = e1,
Fβ1 = f1,
Eβt = Ti1Ti2 ...Tit−1(eit),
Fβt = Ti1Ti2 ...Tit−1(fit), t = 1, 2, ..., n
2,
where βt ∈ ∆
+
0 , and clearly Fβt = ω(Eβt). Also observe the following important facts[9]:
Eβt ∈ B+, Fβt ∈ B−, and
{E(kˆ) = (Eβ1)
k1(Eβ2)
k2 ...(Eβ
n2
)kn2 |kˆ ∈ Zn
2
+ },
{F (kˆ) = (Fβ
n2
)kn2 (Fβ
n2−1
)kn2−1 ...(F1)
k1 |kˆ ∈ Zn
2
+ }, (3)
form bases for B+ and B− respectively.
To study the odd elements of Uq(C(n+ 1)), we define
ψ1 = e0,
ψi+1 = ψiei − qeiψi, 1 ≤ i < n,
ψ−n = ψnen − q
2enψn,
ψ−i = ψ−i−1ei − qeiψ−i−1, 0 < i < n,
φ±i = ω(ψ±i), i = 1, 2, ..., n. (4)
They have the following properties:
Lemma 2
ψ±iψ±j + q
±1ψ±jψ±i = 0, i ≤ j,
ψiψ−j + qψ−jψi = 0, ∀i 6= j,
ψnψ−n + q
2ψ−nψn = 0,
ψ−i−1ψi+1 + ψi+1ψ−i−1 + qψ−iψi + q
−1ψiψ−i = 0, i < n, (5)
and similar relations for φi and φ−i;
Lemma 3
ψjei − q
(αi,δ0−δj)eiψj = δijψi+1, ∀i, j,
ψ−jei − q
(αi,δ0+δj)eiψ−j = δi+1,jψ−i+1, i > 1,
[ψi+1, fj} = δijψiKiq
−1
i ,
[ψ−i, fj} = −δijψ−i−1Kiq
−1
i , (6)
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and similar relations for φ±i, where ψn+1 and φn+1 are understood as ψ−n and φ−n
respectively;
Lemma 4
{ψ±i, φ±i} =
Π±i − Π
−1
±i
q − q−1
, (7)
{ψµ, φν} =

∑
kˆ,rˆ ckˆ,rˆK
(rˆ)E(kˆ), µ− ν > 0,∑
kˆ,rˆ c˜kˆ,rˆF
(kˆ)K(rˆ), µ− ν < 0,
(8)
where
Πi =
i−1∏
k=0
Kk,
Π−i = Πn
n∏
k=i
Kk.
In (8), µ, ν = ±1,±2, ...,±n; ckˆ,rˆ ∈ C[q, q
−1] may be nonvanishing only when
wt(E(kˆ)) = sign(ν)δ|ν| − sign(µ)δ|µ|, and similarly for c˜kˆ,rˆ ∈ C[q, q
−1].
Define
Γ¯(θˆ) = (ψ1)
θ1(ψ2)
θ2 ...(ψn)
θn(ψ−n)
θ−n(ψ−n+1)
θ−n+1...(ψ−1)
θ−1 , θ±i = 0, 1,
Γ(θˆ) = (φ−1)
θ−1(φ−2)
θ−2 ...(φ−n)
θ−n(φn)
θn(φn−1)
θn−1 ...(φ1)
θ1 , θ±i = 0, 1,
Γ¯ = Γ¯(θ±i=1,∀i),
Γ = Γ(θ±i=1,∀i).
Lemma 5 1). Any product of ψ’s(resp. φ’s) can be expressed as a linear combination
of Γ¯(θˆ) (resp. Γ(θˆ)), θˆ ∈ Z2n2 ;
2). Γ¯(θˆ) (resp. Γ(θˆ)), θˆ ∈ Z2n2 are linearly independent over C[q, q
−1].
Proof: Part 1) is a direct consequence of Lemma 2. To prove 2), we note that any
nontrivial relation of the form
∑
θˆ cθˆΓ¯
(θˆ) = 0 would lead to Γ¯ ≡ 0 in Uq(C(n + 1)).
Then it would follow that in any linear representation of Uq(C(n + 1)), the z defined
by
z = Γ¯Γ, (9)
vanishes identically. But it is easy to construct representations in which z is nonzero.
For later use, we define the following vector spaces
Ψ =
⊕
θˆ
C[q, q−1]Γ¯(θˆ), Φ =
⊕
θˆC[q, q
−1]Γ(θˆ).
Direct computations can easily establish
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Lemma 6 Let a ∈ Uq(sp(2n)⊕ u(1)), and b ∈ Uq(sp(2n)) ⊂ Uq(C(n + 1)). Then
[b,Γ] = 0,
[b, Γ¯] = 0,
[a, z] = 0. (10)
Proof: The first two equations follow from Lemma 3. They also lead to the last
equation.
Now we have the following generalized BPW theorem for the quantum supergroup
Uq(C(n + 1))
Theorem 1 Let U+ (resp. U−)∈ Uq(C(n+1)) be the subalgebra generated by {ei|i = 0, 1, ..., n}
(resp. {fi|i = 0, 1, ..., n}). Then
1). Uq(C(n+ 1)) admits the triangular decomposition
Uq(C(n+ 1)) = U−B0U+; (11)
or more precisely, the multiplication of Uq(C(n+ 1)) gives rise to the C[q, q
−1] module
isomorphism
U− ⊗ B0 ⊗ U+ → Uq(C(n+ 1));
2). U+ and U− respectively have the bases
{E(kˆ)Γ¯(θˆ)|kˆ ∈ Zn
2
+ , θˆ ∈ Z
2n
2 }, {Γ
(θˆ)F (kˆ)|kˆ ∈ Zn
2
+ , θˆ ∈ Z
2n
2 }; (12)
3). The following elements form a basis for Uq(C(n + 1))
{Γ(θˆ)F (kˆ)K(rˆ)H(sˆ)E(lˆ)Γ¯(θˆ
′)|kˆ, lˆ ∈ Zn
2
+ , rˆ, sˆ ∈ Z
n+1
+ , θˆ, θˆ
′ ∈ Z2n2 }. (13)
Proof: 1) is a consequence of the defining relations of Uq(C(n+ 1)). U+ is spanned by
{E(kˆ)Γ¯(θˆ)|kˆ ∈ Zn
2
+ , θˆ ∈ Z
2n
2 } because of Lemmas 5 and 3. It follows from Lemma 5 and
equation (3) that these elements are linearly independent. Similarly we can show that
{Γ(θˆ)F (kˆ)|kˆ ∈ Zn
2
+ , θˆ ∈ Z
2n
2 } forms a basis of U−. 3) follows from 1) and 2).
2.3 Uq(C(n+ 1)) at roots of unity
In this subsection we assume that q is an N - th primitive root of unity. We de-
fine N ′ =
{
N, N odd,
N/2, N even.
Let Zq be the central algebra of the Z2 graded algebra
Uq(C(n + 1)) over the complex field C, and let Z0 be the algebra generated by the
following elements
(K±n )
N ′, (K±i )
N , i < n; (Eβt)
N , (Fβt)
N , t = 1, 2, ..., n2. (14)
It is well known that[9] Z0 is contained in the central algebra of the maximal even
quantum subgroup Uq(sp(2n)⊕ u(1)). In fact, we also have
Lemma 7 Zq and Z0 are as defined above. Then
Z0 ⊂ Zq. (15)
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Proof: The proofs is exactly the same as Lemma 5 of reference [3], thus will not be
repeated here.
Z0 is a commutative algebra with no zero divisors. Following [9] we define the
quotient field Q(Z0) of Z0, and let QUq(C(n + 1)) = Q(Z0) ⊗Z0 Uq(C(n + 1)). Then
QUq(C(n+ 1)) is finite dimensional, with a basis
{Γ(θˆ)F (kˆ)K(rˆ)E(lˆ)Γ¯(θˆ
′)|kˆ, lˆ ∈ Zn
2
N ; rˆ ∈ Z
n+1
N , rn ∈ ZN ′ ; θˆ, θˆ
′ ∈ Z2n2 }. (16)
3 Finite dimensional representations
3.1 At generic q
Given an irreducible module V (0) over the maximal even quantum subgroup Uq(sp(2n)⊕U(1)),
we construct a Uq(C(n + 1)) - module V¯ over the field C[q, q
−1] in the following way.
Impose the condition
e0v = 0, ∀v ∈ V
(0), (17)
and construct the C[q, q−1] module
V¯ = Φ
⊗
C[q,q−1]V
(0).
Given any element a ∈ Uq(C(n+ 1)), and Γ
(θˆ) ∈ Φ, it follows from Theorem 1 that
aΓ(θˆ) =
∑
cθˆ′,kˆ,rˆ,sˆ,lˆ,θˆ′′Γ
(θˆ′)F (kˆ)K(rˆ)H(sˆ)E(lˆ)Γ¯(θˆ
′′), cθˆ′,kˆ,rˆ,sˆ,lˆ,θˆ′′ ∈ C[q, q
−1].
We define the action of a on V¯ by
a(Γ(θˆ) ⊗ v) =
∑
cθˆ′,kˆ,rˆ,sˆ,lˆ,0Γ
(θˆ′) ⊗ F (kˆ)K(rˆ)H(sˆ)E(lˆ)v,
thus turning V¯ into a Uq(C(n+ 1)) - module. For simplicity, we will write Γ
(θˆ) ⊗ v as
Γ(θˆ)v from here on.
Let M be the maximal proper submodule contained in V¯ . Setting
V = V¯ /M, (18)
we arrive at an irreducible Uq(C(n + 1)) module. If M = {0}, we say that V and the
associated irrep of Uq(C(n+ 1)) are typical, otherwise atypical.
The module V has a Z2 gradation, i.e., V = V0 ⊕ V1, with V0 and V1 respectively
spanned by {Γ(θˆ)v ∈ V |[Γ(θˆ)] = 0, v ∈ V (0)}, and {Γ(θˆ)v ∈ V |[Γ(θˆ)] = 1, v ∈ V (0)}.
This Z2 gradation is in consistency with that of Uq(C(n+1)) itself, namely, given any
homogeneous element a ∈ Uq(C(n + 1)), we have aVǫ ⊂ Vǫ+[a](mod2), ǫ = 0, 1. V also
has a natural Z gradation. Let
deg(Γ(θˆ)) =
n∑
i=1
(θi + θ−i), deg(Γ¯
(θˆ)) = −
∑n
i=1(θi + θ−i).
10
Define V (k) to be the vector space spanned by {Γ(θˆ)v ∈ V |deg(Γ(θ)) = k, v ∈ V (0)}.
Then
V =
L⊕
k=0
V (k), L ≤ 2n,
with
Γ(θˆ)V (k) ⊂ V (k+deg(Γ
(θˆ))), V (l) = {0}, ∀l > L,
Γ¯(θˆ)V (k) ⊂ V (k+deg(Γ¯
(θˆ))), V (l) = {0}, ∀l < 0,
and each V (k) furnishes a Uq(sp(2n)⊕ u(1)) module,
aV (k) ⊂ V (k), ∀a ∈ Uq(sp(2n)⊕ u(1)).
In particular,
Lemma 8 1). V (L) is an irreducible Uq(sp(2n)⊕ u(1)) module;
2). L is equal to 2n if and only if V is typical; and in that case, V (2n) and V (0) are
isomorphic Uq(sp(2n)) modules.
Proof: 1) is required by the irreducibility of V . To prove the first part of 2), we note
that the necessity of L = 2n is obvious. Let us assume that L = 2n, i.e., ΓV (0) 6⊂ M ,
but V is atypical. Then there must exist at least one nonvanishing vector u ∈M . Now
we can apply elements φ±i to u to obtain another vector in M of the form Γv, for some
v ∈ V (0). Since Γ commutes with all elements of Uq(sp(2n)), the irreducibility of V
(0)
with respect to Uq(sp(2n)) implies that ΓV
(0) ⊂M , which contradicts our assumption.
The second part of 2) follows from Lemma 6.
Note that (17) is equivalent to ψ±iv = 0, ∀v ∈ V
(0). In any given irreducible
Uq(C(n+1)) module, there always exists a subspace obeying this condition. Thus (17)
does not impose any restrictions on the irreducible module V , and the construction
developed above yields all irreps of the quantum supergroup Uq(C(n+ 1)).
We will call V a highest weight Uq(C(n+1)) module if there exists a unique vector
vΛ ∈ V , with Λ =
∑n
i=0 λiδi ∈ H
∗, λi ∈ C, such that
eiv
Λ = 0,
ψ±iv
Λ = 0, i = 1, 2, ..., n,
Kiv
Λ = ǫiq
(αi, Λ)vΛ, ǫi = ±1, i = 0, 1, ..., n. (19)
Observe that the sign factors ǫi may be eliminated by the following isomorphism of
Uq(C(n + 1)):
ei 7→ ǫ
−1
i ei, fi 7→ fi, Ki 7→ ǫ
−1
i Ki, ∀i.
Hereafter we will assume that to any irreducible Uq(C(n+ 1)) module, an appropriate
isomorphism of this kind has been employed to cast the last equation of (19) into
Kiv
Λ = q(αi, Λ)vΛ, i = 0, 1, ..., n.
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Since it is necessarily true that vΛ ∈ V (0), V is a highest weight module if and only
if V (0) is of highest weight type. To emphasize the role of the highest weight, we denote
by V (0)(Λ) the Uq(sp(2n)⊕ u(1)) module V
(0), and introduce the new notations V¯ (Λ),
V (Λ), and M(Λ), respectively, for the V¯ , V and M constructed from V (0).
It immediately follows from our construction that the Uq(C(n + 1)) module V (Λ)
is finite dimensional if and only if the associated irreducible Uq(sp(2n)⊕ u(1)) module
V (0)(Λ) is finite dimensional. Since a finite dimensional irreducible Uq(sp(2n)⊕u(1)) is
uniquely characterized by its highest weight, so is the irreducible Uq(C(n+1)) module
induced from it. Therefore,
Proposition 1 1). The irreducible highest weight Uq(C(n+ 1)) module V (Λ) is finite
dimensional if and only if
2(αi,Λ)
(αi, αi)
∈ Z+, i = 1, 2, ..., n; (20)
2). A finite dimensional irreducible Uq(C(n+ 1)) module V (Λ) is uniquely determined
by its highest weight Λ.
Note that Ki, i = 0, 1, ..., n, are all diagonalizable on V
(0)(Λ). Thus they are also
diagonalizable on the entire Uq(C(n + 1)) module V (Λ). Define the weight space
Vω ⊂ V (Λ) to be the vector space over C[q, q
−1] consisting of all the vectors v ∈ V (Λ)
satisfying Kiv = q
(ω,αi)v. Define SpΛ to be the set of all the distinct ω’s such that
dimC[q,q−1]Vω 6= 0. Then
V (Λ) = ⊕ω∈SpΛVω.
By assigning the ordering δi > δj > 0, ∀i < j, we achieve a partial ordering of the
elements of H∗ with the same imaginary part. Then it is clear that ω ≤ Λ, and
Λ− ω =
∑n
i=0miαi, mi ∈ Z+.
To gain further understanding of the structures of V (Λ), we now construct the high-
est weight vector of the irreducible Uq(sp(2n)⊕ u(1)) module V
(L) ⊂ V (Λ). Consider
the set of vectors {v(0), v(1), ..., v(L)} ⊂ V (Λ) defined by
v(0) = vΛ,
v(k) = φµkv
(k−1) 6= 0,
φνv
(k−1) = 0, if wt(φν) > wt(φµk),
where µk, ν = ±1,±2, ...,±n. Since φi, i = 1, 2, ..., n, all q - anticommute, the existence
of the vectors {v(0), v(1), ..., v(l)} with µt > 0, ∀t = 1, 2, ..., l, is guaranteed, where v
(l)
is annihilated by all φi. Now if v
(l) is also annihilated by all φ−i, then l = L; otherwise
there must exist a φµl+1 , µl+1 < 0 which does not annihilated this vector, but all φ−i
with wt(φ−i) > wt(φµl+1) do. We set v
(l+1) = φµl+1v
(l). Using Lemmas 2 we can easily
see that
φiv
(l+1) = 0, ∀i
φ−iv
(l+1) = 0, i > −µl+1.
Continue this process we will eventually arrive at v(L). It follows from the construction
that
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Lemma 9 All v(k), k = 0, 1, .., L, are Uq(sp(2n)⊕ u(1)) highest weight vectors.
In particular, v(L) is the highest weight vector of the irreducible Uq(sp(2n) ⊕ u(1))
module V (L) ⊂ V (Λ). If V (Λ) is typical, then v(L) = ΓvΛ can be raised back to vΛ by
the action of Γ¯. Using the above Lemma and Lemma 4 we can compute
Γ¯ΓvΛ = z(Λ)vΛ,
z(Λ) =
∏
γ∈∆+1
q(Λ+ρ,γ) − q−(Λ+ρ,γ)
q − q−1
. (21)
Therefore,
Proposition 2 The irreducible highest weight Uq(C(n+ 1)) module V (Λ) is typical if
and only if
z(Λ) 6= 0, (22)
where z(Λ) is defined by (21).
On any irreducible highest weight Uq(C(n + 1)) module V (Λ) with a real highest
weight Λ, we introduce a sesquilinear form 〈.|.〉 : V (Λ) ⊗ V (Λ) → C[q, q−1], which
satisfies the following defining relations:
1). If vΛ ∈ V (Λ) is the highest weight vector,
〈vΛ|vΛ〉 = 1;
2).
〈u|av〉 = 〈ω(a)u|v〉, ∀a ∈ Uq(C(n+ 1)), u, v ∈ V (Λ),
where ω is the anti-automorphism defined before;
3).
〈c1u1 + c2u2|v〉 = c
∗
1〈u1|v〉+ c
∗
2〈u2|v〉,
〈v|c1u1 + c2u2〉 = c1〈v|u1〉+ c2〈v|u2|〉,
where c1, c2 ∈ C[q, q
−1], c∗i = ω(ci), u1, u2, v ∈ V (Λ). Note that this form is
well defined as long as the highest weight is real, and has the standard property
〈u|v〉 = (〈u|v〉)∗, ∀u, v ∈ V (Λ). Also,
Lemma 10 The form 〈.|.〉 : V (Λ)⊗ V (Λ)→ C[q, q−1] is nondegenerate.
Proof: The proof is rather straightforward, we nevertheless present it here. Let
Ker ⊂ V (Λ) be the maximal subspace such that for any k ∈ Ker, 〈v|k〉 = 0, ∀v ∈ V (Λ).
Then 〈v|ak〉 = 〈ω(a)v|k〉 = 0, ∀a ∈ Uq(C(n+1)), v ∈ V (Λ), i.e., Ker is an invariant
subspace. Therefore we must have Ker = {0} as required by the irreducibility of V (Λ).
Now we compute the value of 〈v(L)|v(L)〉, which is nonvanishing as required by the
the nondegeneracy of the form. As v(k) are Uq(sp(2n) ⊕ u(1)) maximal vectors, it
follows from Lemma 2 that ψµkv
(k−1) = 0. Thus
〈v(k)|v(k)〉 = 〈v(k−1)|
Πµk − Π
−1
µk
q − q−1
v(k−1)〉.
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Therefore,
〈v(L)|v(L)〉 =
L∏
k=1
q(δ0−δµk ,Λ+
∑k
t=1
[δ0−δµt ]) − q−(δ0−δµk ,Λ+
∑k
t=1
[δ0−δµt ])
q − q−1
. (23)
Since 〈v(L)|v(L)〉 6= 0, we have
L∏
k=1
(δ0 − δµk ,Λ +
k∑
t=1
[δ0 − δµt ]) 6= 0. (24)
Let I ⊂ C[q, q−1] be the ideal generated by q − 1. It is clear that C = C[q, q−1]/I.
We define V˜ (Λ) = {C[q, q−1]/I} ⊗ V (Λ), and V˜ω = {C[q, q
−1]/I} ⊗ Vω for any weight
space Vω ⊂ V (Λ). Then
dimCV˜ (Λ) = dimC[q,q−1]V (Λ),
V˜ (Λ) = ⊕ω∈SpΛ V˜ω.
Denote by e˜i, f˜i, h˜i, and 1 respectively the endomorphisms on V˜ (Λ) defined by the
V (Λ) endomorphisms ei, fi,
Ki−K
−1
i
qi−q
−1
i
, and K±1i through extension of scalars. It can be
proved that
Lemma 11 The e˜i, f˜i, h˜i, i = 0, 1, ..., n, satisfy the defining relations of the Lie
superalgebra C(n+ 1). Thus V˜ (Λ) furnishes a U(C(n + 1)) module.
In particular, vΛ remains to be a highest weight vector in V˜ (Λ). Repeatedly apply-
ing the f˜i’s to it generates the entire U(C(n + 1) module V˜ (Λ). Therefore, V˜ (Λ) is
indecomposible. It immediately follows that
Proposition 3 The U(C(n + 1) module V˜ (Λ) is typical and irreducible if and only if
the Uq(C(n+ 1)) module V (Λ) is typical.
When the highest weight Λ is real, we denote the restriction of the form 〈.|.〉 on
V˜ (Λ) by 〈.|.〉0, which maps V˜ (Λ)⊗C V˜ (Λ) to C. Then 〈.|.〉0 satisfies similar properties
as 1)− 3). Furthermore,
Proposition 4 The form 〈.|.〉0 : V˜ (Λ)⊗C V˜ (Λ)→ C, is nondegenerate.
Proof: Since the U(C(n + 1)) module V˜ (Λ) is indecomposible, for every nonvanishing
u ∈ V˜ (Λ) there exists at least one element φ˜ ∈ U(C(n+1)) which is a product of some
φ˜i’s (If u ∈ V˜
(L)(Λ), then φ˜ = 1.), such that the vector v = φ˜u 6= 0, and v ∈ V˜ (L)(Λ).
If the restriction of 〈.|.〉0 on V˜
(L)(Λ) is nondegenerate, then 〈v′|v〉0 does not vanish for
some elements v′ ∈ V˜ (L)(Λ). Now
〈ω˜(φ˜)v′|u〉0 = 〈v
′|φ˜u〉0 6= 0,
where ω˜ is the q → 1 limit of the anti automorphism ω. Therefore the form 〈.|.〉0 can
not be degenerate on V˜ (Λ). The converse is also obviously true, thus we conclude that
〈.|.〉0 is nondegenerate if and only if it is nondegenerate on V˜
(L)(Λ).
It follows from the theorem of Lusztig and Rosso that V˜ (L)(Λ) is an irreducible
sp(2n) ⊕ u(1) module, with the highest weight vector v˜(L) which is the q → 1 limit
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of v(L). Therefore 〈.|.〉0 will be nondegenerate on V˜
(L)(Λ) if 〈v˜(L)|v˜(L)〉0 6= 0. This is
indeed that case, as it follows from (23) and (24) that
〈v˜(L)|v˜(L)〉0 =
L∏
k=1
(δ0 − δµk ,Λ+
k∑
t=1
[δ0 − δµt ]) 6= 0.
The nondegeneracy of 〈.|.〉0 implies that the indecomposible U(C(n + 1)) module
V˜ (Λ) is irreducible. To see this, we note that if V˜ (Λ) was reducible, then there must
exist at least one u ∈ V˜ (Λ) which could not be mapped to the highest weight vector
vΛ, or equivalently
〈vΛ|a˜u〉0 = 0, ∀a˜ ∈ U(C(n + 1)).
This would lead to
〈ω˜(a˜)vΛ|u〉0 = 0, ∀a˜ ∈ U(C(n + 1)). (25)
V˜ (Λ) being an indecomposible U(C(n+1)) module, every element of it can be expressed
as a˜vΛ, a˜ ∈ U(C(n + 1)). Thus equation (25) would imply the degeneracy of 〈.|.〉0.
Combining the above discussion with Proposition 4, we arrive at the following
Theorem 2 Let V (Λ) be an irreducible Uq(C(n+1)) module with an integrable domi-
nant highest weight Λ(i.e., satisfying (20)), and V˜ (Λ) be as defined before. Then V˜ (Λ)
is an irreducible U(C(n + 1)) module which has the same weight space decomposition
as V (Λ).
Remarks:
1). The form 〈.|.〉0 can be defined independently of 〈.|.〉;
2). The proof of Theorem 2 makes essential use of (24), which can be proved without
resorting to the form 〈.|.〉;
3). The forms 〈.|.〉 and 〈.|.〉0 are merely employed to make the proof of Theorem 2 more
coherent; they can be avoided entirely.
Define the formal character of a finite dimensional irreducible Uq(C(n+1)) module
V (Λ) by
chV (Λ) =
∑
ω∈SpΛ
dimC[q,q−1]Vωe
ω.
Using Theorem 2, we obtain[7]
Theorem 3 Let V (Λ) be an irreducible Uq(C(n+ 1)) module with an integrable dom-
inant highest weight Λ. Then
chV (Λ) =
∏
γ∈∆+1 (Λ)
(eγ/2 + e−γ/2)∏
α∈∆+0
(eα/2 − e−α/2)
∑
σ∈W
det(σ)eσ(Λ+ρ), (26)
where W represents the Weyl group of the sp(2n) ⊂ C(n+ 1) subalgebra, and
∆+1 (Λ) =
{
∆+1 , if (Λ + ρ, γ) 6= 0, ∀γ ∈ ∆
+
1 ,
∆+1 − γa, if ∃γa ∈ ∆
+
1 , such that (Λ + ρ, γa) = 0.
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It should be noted that when Λ ∈ H∗ is integrable dominant, there can exist at most
one odd root γa ∈ ∆
+
1 rendering (Λ + ρ, γa) = 0, i.e., no two factors in the product
expression (21) of z(Λ) can vanish simultaneously. Adopting the terminology of the
representation theory of Lie superalgebras, we say that a finite dimensional irrep of
Uq(C(n + 1)) at generic q is either typical or singly atypical. We will see in the next
subsection that this is no longer true when q is a root of unity.
3.2 At roots of unity
The method developed in the last subsection for constructing Uq(C(n + 1)) irreps
works equally well when q is a root of unity. Because of Lemma 4, an irreducible
Uq(sp(2n)⊕u(1)) module V
(0) over C is necessarily finite dimensional, thus we conclude
that all irreps of Uq(C(n+ 1)) at roots of unity are finite dimensional.
Properties of the irreducible Uq(C(n+1)) module induced from V
(0) are completely
determined by those of V (0), while V (0) itself is uniquely characterized by a set of com-
plex parameters associated with the eigenvalues of the generators of Z0. We say that
V is cyclic if the eigenvalues of all the (Eβt)
N and (Fβt)
N are nonvanishing, semicyclic
if some are nonvanishing, and of highest weight type otherwise.
Typicality of V is defined in exactly the same way as in the case with generic q. V
is typical if and only if the eigenvalue zv of z defined by (9) on V
(0) is not zero. We
have
dimCV = 2
2ndimCV
(0), if zv 6= 0.
When V is a highest weight module, there exists a v0 ∈ V such that
Kiv0 = aiv0,
eiv0 = 0, i = 0, 1, ..., n,
where ai’s are complex parameters. Then the eigenvalue zv of z is given by
zv =
∏
γ∈∆+1
πγq
(ρ,γ) − π−1γ q
−(ρ,γ)
q − q−1
,
πδ0−δi =
i−1∏
k=0
ak,
πδ0+δi = πδ0−δn
n∏
k=i
ak.
Following the convention of the representation theory of Lie superalgebras, we call
an atypical Uq(C(n + 1)) module V singly atypical if only one factor in zv is zero,
and multiply atypical otherwise. There exist ai values rendering V multiply atypical.
Therefore,
Lemma 12 Uq(C(n + 1)) admits (semi)cyclic irreps and multiply atypical irreps at
roots of unity.
In contrast, all finite dimensional irreps of Uq(C(n + 1)) at generic q are of highest
weight type, and either typical or singly atypical.
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4 Irreducible Representations of Uq(C(2))
In this section we construct all the highest weight irreps of the quantum supergroup
Uq(C(2)) at generic q and all the irreps at roots of unity. For convenience, we change
the notation from the general case by letting
ψ+ = ψ1, ψ− = ψ−1;
φ+ = φ1, φ− = φ−1;
e = e1, f = f1.
When the deformation parameter q is generic, Uq(C(2)) has the following basis
{(φ−)
θ−(φ+)
θ+fkKm0 K
n
1 e
l(ψ+)
θ′+(ψ−)
θ′
−|k, l ∈ Z+, m, n ∈ Z, θ±, θ
′
± ∈ {0, 1}}.
Let V (Λ) be an irreducible Uq(C(2)) module with highest weight Λ = λ0δ0 + λ1δ1,
and maximal vector vΛ. It is finite dimensional if and only if λ1 ∈ Z+, and in that
case, Λ must satisfy one of the following three mutually exclusive conditions:
1).(Λ + ρ, γ) 6= 0, ∀γ ∈ ∆+1 , 2).(Λ + ρ, δ0 − δ1) = 0, 3).(Λ + ρ, δ0 + δ1) = 0.
We explicitly construct V (Λ) for all the cases below:
1). (Λ + ρ, γ) 6= 0, ∀γ ∈ ∆+1 :
V (Λ) =
⊕
θ± ∈ {0, 1}
i ∈ {0, 1, ..., λ1}
C[q, q−1]φ
θ−
− φ
θ+
+ f
ivΛ.
2). (Λ + ρ, δ0 − δ1) = 0:
V (Λ) =
{ ⊕
i∈{0,1,...,λ1}C[q, q
−1]f ivΛ
⊕
j∈{0,1,...,λ1−1}C[q, q
−1]f jφ−v
Λ, λ1 6= 0,
C[q, q−1]vΛ, λ1 = 0.
3). (Λ + ρ, δ0 + δ1) = 0:
V (Λ) =
⊕
i∈{0,1,...,λ1}
C[q, q−1]f ivΛ
⊕
j∈{0,1,...,λ1+1}
C[q, q−1]f jφ+v
Λ.
When λ1 6∈ Z+, V (Λ) is infinite dimensional. Then V (Λ) belongs to one of the
following three cases:
1). (Λ + ρ, γ) 6= 0, ∀γ ∈ ∆+1 :
V (Λ) =
⊕
θ± ∈ {0, 1}
i ∈ Z+
C[q, q−1]φ
θ−
− φ
θ+
+ f
ivΛ.
2). (Λ + ρ, δ0 + δ1) = 0, (Λ + ρ, δ0 − δ1) 6= 0:
V (Λ) =
⊕
θ ∈ {0, 1}
i ∈ Z+
C[q, q−1]f iφθ+v
Λ.
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3). (Λ + ρ, δ0 − δ1) = 0:
V (Λ) =
⊕
θ ∈ {0, 1}
i ∈ Z+
C[q, q−1]f iφθ−v
Λ.
It is interesting to observe that in all the three cases with λ1 6∈ Z+, V (Λ) has finite
dimensional weight spaces. In the limit q → 1, V (Λ) reduces to an infinite dimensional
irreducible U(C(2)) module, which has the same weight space decomposition as V (Λ)
itself.
Now we assume that q is an N ′′th primitive root of unity. Let
N ′ =
{
N ′′, N ′′ odd,
N ′′/2, N ′′ even,
N =
{
N ′, N ′ odd,
N ′/2, N ′ even.
Then the following elements are all in the center of Uq(C(2)):
(K±0 )
N ′′ , (K±1 )
N ′, eN
′
, fN
′
,
provided N ′ > 1.
We will call an irrep of Uq(C(2)) a highest weight irrep if it possesses both a highest
and lowest weight vector, or equivalently,
det(e) = det(f) = 0.
Such an irrep furnished by the irreducible module V (a0, a1) is uniquely determined by
the two complex parameters a0, a1 defined in the following way: Let v+ be the highest
weight vector of V (a0, a1), then
K0v+ = a0v+, K1v+ = a1v+. (27)
We further define
d =
{
i, if a1 = ±q
−2(i−1), with N ≥ i ≥ 1,
N, otherwise;
d˜ =
{
d, if a1 = ±q
−2(d−1),
d− 1, otherwise.
V (0)(a0, a1) =
d⊕
i=0
Cf iv+.
V (a0, a1) can only belong to one of the following four cases:
1). a0 − a
−1
0 6= 0, a0a1q
−2 − a−10 a
−1
1 q
2 6= 0:
V (a0, a1) = V
(0)(a0, a1)
⊕
V (1)(a0, a1)
⊕
V (2)(a0, a1),
V (1)(a0, a1) =
d−1⊕
i=0
Cφ+f
iv+
⊕
{
d−1⊕
i=0
Cφ−f
iv+},
V (2)(a0, a1) =
d−1⊕
i=0
Cφ+φ−f
iv+.
18
2). a0 − a
−1
0 = 0, a0a1q
−2 − a−10 a
−1
1 q
2 6= 0:
V (a0, a1) = V
(0)(a0, a1)
⊕
V (1)(a0, a1),
V (1)(a0, a1) =
d˜−1⊕
i=0
Cφ−f
iv+.
3). a0 − a
−1
0 6= 0, a0a1q
−2 − a−10 a
−1
1 q
2 = 0:
V (a0, a1) = V
(0)(a0, a1)
⊕
V (1)(a0, a1),
V (1)(a0, a1) = Cφ+v+
⊕
{
d˜−1⊕
i=0
Cφ−f
iv+}.
4). a0 − a
−1
0 = a0a1q
−2 − a−10 a
−1
1 q
2 = 0:
V (a0, a1) = V
(0)(a0, a1)
⊕
V (1)(a0, a1),
V (1)(a0, a1) =
d−2⊕
i=0
Cφ−f
iv+.
Having explicitly constructed the highest weight irreps of Uq(C(2)), we now consider
the (semi)cyclic irreps. We start with the simpler case thatN ′′ is not divisible by 4. The
(semi)cyclic irreducible module V (0) over the maximal even subalgebra Uq(sp(2)⊕u(1))
is N dimensional, and labeled by 4 parameters. Explicitly, we have the following basis
{vi|i = 0, 1, ..., N} for V
(0), with the actions of the generators of Uq(sp(2) ⊕ u(1))
defined by
K0v0 = a0, K1v0 = a1v0,
e1v0 = xvN−1, f1vN−1 = x
′v0,
f1vi = vi+1, i = 0, 1, ..., N − 2, (28)
where the complex parameters x and x′ do not vanish simultaneously, and
xx′ 6=
(q2i − q−2i)(a1q
2(i−1) − a−11 q
−2(i−1))
q2 − q−2
, i = 1, 2, ..., N − 1. (29)
For simplicity, we introduce the new parametrization
a1 = q
2bb′, x = u(b−b
−1)
q2−q−2
, x′ = −
u−1(b′ − b′−1)
q2 − q−2
, (30)
and also define
Q =
(a0b− a
−1
0 b
−1)(a0b
′ − a−10 b
′−1)
(q − q−1)2
. (31)
Denote by V the irreducible (semi)cyclic Uq(C(2)) module induced from V
(0). Then
1). If Q 6= 0,
V =
2⊕
l=0
V (l),
V (1) =
N−1⊕
i=0
{Cφ+vi ⊕Cφ−vi},
V (2) =
N−1⊕
i=0
Cφ−φ+vi;
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2). If Q = 0, but either x′ 6= 0 or a0b− a
−1
0 b
−1 6= 0,
V =
⊕
V (0)
⊕
V (1),
V (1) =
N−1⊕
i=0
Cφ−vi;
3). If Q = 0, x′ = 0, a0b− a
−1
0 b
−1 = 0,
V =
⊕
V (0)
⊕
V (1),
V (1) =
N−2⊕
i=0
Cφ−vi.
WhenN ′′ is divisible by 4, the (semi)cyclic irreducible module V (0) over the maximal
even subalgebra Uq(sp(2)⊕u(1)) is 2N dimensional, with a basis {v
(±)
i |i = 0, 1, ..., N−1}
such that
e1v
(±)
0 = ±xv
(±)
N−1, f1v
(±)
N−1 = ±x
′v
(±)
0 ,
f1v
(±)
i = v
(±)
i+1, i = 0, 1, ..., N − 2,
K1v
(±)
0 = a1v
(±)
0 , K0v
(±)
0 = a0v
(∓), (32)
where again x and x′ do not vanish simultaneously, and obey the constraint (29). Note
that from this basis we can always obtain a new one in which K
(±1)
0 are diagonal. Let
V (0) = V
(0)
+
⊕
V
(0)
− , V
(0)
± =
⊕N−1
i=0 Cv
(±)
i .
Then the irreducible Uq(sp(2)⊕ u(1)) module V induced from V
(0) is given by
1). If Q 6= 0,
V =
2⊕
l=0
{V
(l)
+
⊕
V
(l)
− },
V
(1)
± =
N−1⊕
i=0
{Cφ+v
(±)
i ⊕Cφ−v
(±)
i },
V
(2)
± =
N−1⊕
i=0
Cφ−φ+v
(±)
i ;
2). If Q = 0, but either x′ 6= 0 or a0b− a
−1
0 b
−1 6= 0,
V =
⊕
σ=+,−
{V (0)σ
⊕
V (1)σ },
V
(1)
± =
N−1⊕
i=0
Cφ−v
(±)
i ;
3). If Q = 0, x′ = 0, a0b− a
−1
0 b
−1 = 0,
V =
⊕
σ=+,−
{V (0)σ
⊕
V (1)σ },
V
(1)
± =
N−2⊕
i=0
Cφ−v
(±)
i .
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5 Conclusion
We have presented a systematic treatment of the representation theory of the quantum
supergroup Uq(C(n + 1)). The induced module construction developed here allows
one to construct the irreps of this quantum supergroup at arbitrary q. Structures
of the finite dimensional irreps at generic q have been investigated. In particular, it
has been shown that every such irrep is a deformation of an irrep of the underlying
Lie superalgebra C(n + 1). The character formula for the finite dimensional irreps of
Uq(C(n + 1)) is given.
We have also shown that when q is a root of unity, all irreps of Uq(C(n + 1)) are
finite dimensional, and (semi)cyclic irreps also exist. The typicality criterion for highest
weight irreps are given. The structures of the typicals are understood, and the general
framework has also be set up for analyzing the structures of the atypicals. However,
further investigation into this problem will necessarily require detailed knowledge of
the irreps of the maximal even subalgebra Uq(sp(2n) ⊕ u(1)) at roots of unity, which
is not available at present.
Reference [3] and the present paper essentially complete the representation theory
for the type I quantum supergroups at generic q. With certain modifications, tech-
niques developed in these papers can also be generalized to systematically study the
representation theory of the type II quantum supergroups. Results will be reported in
a forthcoming publication.
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